orthogonal with respect to the Sobolev type inner product
Introduction
We study linear differential operators for which the polynomials L 
where p and q are polynomials, α > −1, M ≥ 0 and l is a nonnegative integer, are eigenfunctions. This inner product is a special case of the general inner product considered by R. Koekoek in his thesis [12] (see also [11] ),
α > −1, M k ≥ 0 for k = 0, 1, · · ·, l and l is a nonnegative integer. For the inner product (1) in the case l = 0 the orthogonal polynomials L α,M n (x) = L α,M n (x, 0) have been introduced by Koornwinder [13] (for α ∈ {0, 1, 2} they had been introduced earlier, see [7] , [5] , [8] , [6] ) and for these polynomials J. and R. Koekoek [9] (see also [1] ) showed that they are eigenfunctions of a differential operator, linear in M , which in the case M > 0 is of finite order 2α + 4 if α is a nonnegative integer and is of infinite order for other values of α. A first generalization of this important result is found in [10] , where the polynomials L to the Sobolev type inner product
were considered. After laborious calculations the authors succeeded in proving that these polynomials are eigenfunctions of a class of differential operators containing one which in the case that α is a nonnegative integer is of finite order. This order is 2α + 4 if M > 0, N = 0, is 2α + 8 if M = 0, N > 0 and finally is 4α + 10 if
In this paper we find another generalization of the main result of [9] by showing that the polynomials L
, orthogonal with respect to (1) , are eigenfunctions of a class of differential operators linear in M containing one which in the case that α is a nonnegative integer is of finite order 2α + 4 + 4l, if M > 0. The cases l = 0 and l = 1 were already known from the preceding results.
The most remarkable thing in this paper is perhaps not the result itself, which could be predicted, but the relatively easy way it is obtained, compared to the foregoing papers. This is due to two facts: a) By the results obtained in [4] and [2] the existence of differential operators linear in M, possibly of infinite order, having the polynomials L
as eigenfunctions is assured and a formula for the eigenvalues is known.
for all x, α ∈ C provided that i ≥ 2s + k has been deduced which appears to be a powerful tool for showing that the differential operator is of finite order if α is a nonnegative integer.
Representation of the polynomials
In [12] , [11] it was shown that the polynomials L
, orthogonal with respect to the inner product (2), can be put in the form
k=0 satisfy the equations
In our special case these equations become
Lemma 2.1. For all real n and all m, l ∈ {0, 1, · · ·} with m ≤ l
If we note that
t−s , this follows by comparing the coefficient of x t at both sides of the identity
From the lemma and (4) it follows that
and (5) yields
.
If the normalization of the orthogonal polynomials
and
Another representation of the polynomials Q α,l n (x) is (see [14] , specified here for the case of Laguerre polynomials) 
We take Q α,l n (x) = 0 if n ≤ l.
Differential operators
We study differential operators of the form L α +M A (α,l) having the polynomials L α,M n (x, l) as eigenfunctions with eigenvalues λ n + M α (α,l) n (see [2] ), where here λ n = n and α 0 = α
and the operator A (α,l) is of the form
The operator A (α,l) can be obtained by [2] , formula (5),
n (x) = 0, n = 0, 1, · · ·, where I is the identity operator. Now
Note that for n ≤ l the right side vanishes. If in the case that l ≥ 1 we put
are defined by
n (x), n = 0, 1, · · ·, and the operator K of the form
is defined by
n (x) = 0, n < l,
This last result is also valid for l = 0 if in this case we take A (α,l) = B (α,l) . Using [10] , Lemma 5, we obtain
b i (x; α, l) = 0 for i ≤ l and for i ≥ l + 1 we have
4. Conclusions 1. We note that for α a nonnegative integer
is a polynomial in j of degree α + 2l + 2, divisible by j(j − 1) · · · (j − l), and
We have for nonnegative integer values of α
+ lower powers of j.
We now use formula (3) to see that for α a nonnegative integer the coefficients b i (x; α, l) vanish for i > 2α + 4l + 4, which was already known in the cases l = 0 (see [9] ) and l = 1 (see [10] ). Further 
